The uniform conjugacy problem for finite Church-Rosser Thue systems over alphabet X is NP-complete, if X contains at least two letters. If L" contains a single letter only, then this problem is tractable.
INTRODUCTION
The Church-Rosser property has been shown to be very useful when dealing with decision problems for Thue systems. So, while in general the word problem for a finite Thue system is undecidable, this problem is decidable in linear time for a finite Thue system that is Chureh-Rosser (Book, 1982) . Book has devised a whole class of decision problems for Thue systems that are decidable in polynomial space, if the Thue system under consideration is monadic and Church-Rosser (Book, 1983) .
One problem to which Book's technique is not applicable is the conjugacy problem, which stems from group theory where it has been investigated thoroughly. For Thue systems the conjugacy problem did not get much attention, since it is immediate from the results derived for groups that the conjugacy problem for finite Thue systems is undecidable in general. So only recently it was shown that the conjugacy problem for a finite special Thue system is decidable if this Thue system is Church-Rosser (Otto, 1984) .
In Narendran and Otto (1984) this result is extended in two ways. It is shown that the conjugacy problem for each finite Church-Rosser Thue system is in NP (more specifically, in NTIME(n)), and that for a finite Church-Rosser Thue system that is special the conjugacy problem is tractable. This situation raises the following question: What is the largest class of finite Church-Rosser Thue systems for which the conjugacy problems are tractable? More specifically we may ask: Is the conjugacy problem for each finite Church-Rosser Thue System tractable, or is there a finite Church-Rosser Thue system for which the conjugacy problem is NP-complete (intractable)? The answers to these questions are still unknown.
In this paper we deal with a generalization of the conjugacy problem, i.e., the uniform conjugacy problem. Fix an alphabet Z. Then the uniform conjugacy problem for finite Church-Rosser Thue systems over Z, UCPz, is the membership problem for the set {(S, u, v) I S a finite Church-Rosser Thue System over X, u, v ~ Z*, u and v are conjugate modulo S}.
The complexity of this and of one closely related problem is investigated. First it is shown that all these problems are in NP, no matter which alphabet Z is chosen. Then by using a reduction from CNF-SAT, the set of satisfiable Boolean expressions in conjunctive normal form, we prove that UCPs is NP-complete for some specific alphabet Z of cardinality 11. Since the form of the letters is of no importance, this implies that UCPz is NP-complete for each alphabet Z of cardinality at least 11. Finally, by applying an encoding this result is improved to all alphabets Z of cardinality at least 2. Since UCPz is tractable if Z contains a single letter only, we have thus determined the complexity of the uniform conjugaey problem for all finite alphabets.
DEFINITIONS
Let 27 be any finite alphabet and Z* the set of all possible strings over Z, including the null string 2. For a string w in Z*, Iwl denotes its length. 
ULCP, UCP ~ NP
Our first goal is to show that the sets defined above are in NP, or, in other words, that the uniform conjugacy problems are decidable by nondeterministic Turing machines in polynomial time.
PROPOSITION 2 (Book and O'Dunlaing, 1981; Kapur et al., 1984) . There is a polynomial time algorithm that for any finite list of pairs of strings over ,Y, decides whether this list is a Church-Rosser Thue system. PROPOSITION 3 (Book, 1982) . There is a polynomial time algorithm that for any finite Church-Rosser Thue system S over X and a string u ~ S* determines the normal form of u modulo S.
Proof The reduction algorithm given in Book (1982) is linear in lu[, but polynomial in the size of S. I PROPOSITION 4 (Narendran and Otto, 1984) . Let S be a finite Church-
Rosser Thue system over S, and let u, v ~ S*. Then u ~ ~ v if and only if there is a string wES* satisfying [w[<<.2"MAXL(S)'max{]ul, lv[} and UW ~'-~ ~ WV.
Together these three propositions give THEOREM 5. The set ULCPx is in NP.
Proof Let S= {(li, ri) l i= 1,..., k} be a finite list of pairs of strings over S, and let u, v • S*. Consider the following procedure: According to Proposition 4, P accepts exactly the set ULCP x. The test in (2) is performed in polynomial time by Proposition 2, (3) is performed in polynomial time, (4) is performed non-deterministically in polynomial time, (5) and (6) are performed in polynomial time by Proposition 3, and (7) So far we have seen that no matter which alphabet _r we choose both of the uniform conjugacy problems for finite Church-Rosser Thue systems over Z are in NP. However, if the alphabet 27 contains a single letter only, then both these problems are in P, i.e., they are decidable by deterministic Turing machines in polynomial time. This follows from the proof of Theorem 5, since when S is a finite Church-Rosser Thue system over Z = {a}, then uv ~ vu for all u, v ~ Z*. Therefore w = a q can be chosen in line (4) of the procedure P thus eliminating all the non-determination. Hence in order to prove the NP-completeness of these uniform conjugacy problems we fix the alphabet Z considered to be 27 = 270 w {d}, where 27o = {(, ), T, F, :=, +, ~, x, 1, 0}. PROPOSITION 8 (Cook, 1971) . CNF-SAT is NP-complete. Now CNF-SAT is reduced to ULCPr0 thus proving the NP-completeness of UCLPz0.
LEMMA 9. CNF-SA T ~ Pm ULCPzo. The system S and the string u can easily polynomial time.
Proof. Let E= (CI)(C2)..'(Cm)
if clause Cj contains the literal ~; if clause (71. does not contain the literal ~,.; for l~<i~<n-1; for l <~i<~n-1.
be constructed from E in
The fact that S is Church-Rosser follows from the observation that each rule in S is length-reducing and that there is no overlap between left-hand sides, i.e., there are no two left-hand sides such that a prefix of one is a suffix of the other or that one is a substring of the other.
We now proceed to show that u ~s c2 if and only if the Boolean expression E is satisfiable. If E is satisfiable by an assignment (x 1,..., x,) = (b~,...,b,) of truth values bi~{T,F} to its variables xi, l<~i<~n, then uw ~* w holds for the string w = x bin(n) := bn'"x bin(l) := b 1 . This can be verified by inspection of S and u. Conversely, if uw ~* w holds for some string w then the Boolean expression E is satisfiable as follows. We may assume that w is irreducible. The string u is irreducible as well and consequently for uw to be reducible (to w) some rule of S must be applicable to a substring of uw that straddles the boundary between u and w. Inspection of u and S shows that this is possible only if w is of the form x bin(n) := b n W t for some b, ~ { T, F}.
Reducing the substring ux bin ( Note that here again we have proved also that UCP remains NP-complete even when restricted to instances of the form (S, u, 2).
Since IX] = i1, and since the form of the letters in an alphabet is unimportant, we have actually proved the following. At last we want to improve Corollary 13 to alphabets X of smaller cardinality. For doing so we use the following way of encoding an alphabet Z: with [Z'[ =r~>3 in {0, 1}*.
Let Z= {al, a~ ..... a~}. Define an encoding morphism ~b: £'* ~ {0, 1}* by ~b(ai) = 10/10 ~+ 1-i for all i= 1,..., r.
